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4
The Capital Asset Pricing Model and
its Application to Performance x

Measurement!

[n Chapter 3 we described Markowitz’s portfolio analysis model and presented&\vempincal
market model. The latter was developed by Sharpe in crder to simplify the ca@‘ ons involved
in the Markowitz model and thereby render it more operaticnal. The ped{ Step in financial
modelting was to study the influence of the behaviour of investors, ta #S 4 l@y on asset
prices. What resulted was a theory of asset valuation in an equiiegium s‘h@m, drawing
together risk and return.

The model that was developed is called the Capital Asgeg@&&g i@@(&APM) Several
authors have contributed to this model. Sharpe (1963, 1R6MN» €0 :i@ to be the forerunner
and received the Nobel Prize in 1990. Treynor (196J) pepdently developed a model that
was quite similar to Sharpe’s. Finally, Mossin (19(@ ltnere(%éﬁi 1969) and Black (1972)
made contributions a few years later.

This model was the first to introduce the nopQu( 1is \&n-valuationof assets. [t evaluates
the asset return in relation to the market ret hd Xitivity of the security to the market.

1t is the source of the first risk-adjusté formancNneasures. Unlike the empirical market
3] @ ¢
N

line model, the CAPM is based onydN and concepts that resulted from firancial

with the differsnt version; e Im that were developed subsequently. The following
sections discuss the usc@ madin measuring portfolio performance.

O\
Y
\Q.JQ "\0 4.1 THE CAPM
411 Co @nw' %model was developed
oI TRAR

theory.
The first part of this chap@wﬁ}foe 1g§ccessive stages that produced the model, together

4.1.1.1 stor @aviour when there is a risk-free asset
»4@ @ the case of an investor who acted in isolation and only possessed risky
'&9\ > Thig IDEstor constructs the risky assets’ efficient frontier from forecasts on expected
~\(_{etums i¥nce and covariance, and then selects the optimal portfolio, which corresponds to
>

ht

v always assume that the Markowitz assumptions are respected. Investors are therefere

‘Q&h( averse and szek to maximise the expected utility of their wealth at the end of the pericd.
Lhey choose their portfolios by considering the first two moments of the return distribution

only, i.e. the expected return and the variance. They only consider one investment period and

that period is the same for everyone.

>

s@klevel of risk aversion on the frontier.

! Numerous putlications describe tae CAPM and its application to performance measurement. Notable inclusions are Eroguet
and van den Berg (1992), Fabozzi (1995), Elton and Gruber (1995) and Farrell (1997).
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Figure 4.1 Construction of the efficient frontier in presence of a risk-free asset

Let us now consider a case where there is a risk-free asset. An asset is said to be risk-free
when it allows a pre-determined level of income to be obtained with certainty. We shall write
this asset’s rate of return as Rg. Its risk is nil by definition. The investor can now spread his
wealth between a portfolio of risky assets, from the efficient frontier, and this risk-free asset.

We take x to be the proportion of wealth invested in the risk-free asset. The remainder,
or (1 — x), is invested in the portfolio of risky assets, denoted as A. The expected return of
the invester’s portfolio P is obtained as a linear combination of the expected returns of its

component parts, or
E(Rp) = xRp + (1 — x)E(R4)
and its risk is simply equal to
op ={1—x)oa
since the variance of the risk-free asset is nil and its covariance with the risky portfolio is

also nil.

We can then eliminate x from the two equations and establish the following relationship:
E(Rs) — Rp
E(Rp) = RF -+ (._(._‘i)____f> op (41)
TA

This is the equation of a straight line linking point Ry and point A. To be more explicit,
Jet us see what happens graphically (see Figure 4.1). If we consider the representation of the
Markowitz frontier on the plane (o, E(Rp)), the point corresponding tc the risk-free asset is
jocated on the y-axis. We can thercfore trace straight lines from R that link up with the different
poiats on the efficient frontier.2 The equation of all these lines is equation (4.1). Among this
set of lines there is one that dominates all the others and also dominates the frontier of risky
assets at every point. This is the only line that forms a tangent with the efficient frontier. The
point of tangent is denoted as M.

The ReM line represents all the linear combinations of the efficient portfolio of risky asszts
M with a risk-free investment. It characterises the efficiert frontier in the case where one of

2 Ye asst.me that the return R is lower
Dtherwise, the principle that a risky investiment must procure high

than the return on the minimal variance portfolio (located at the summit of the hyperbola)
er revenue than o risk-free investment would not be respected.
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Figure 4.2 Efficient frontier in presence of a risk-free asset

the assets is risk-free. The introduction of a risk-free asset therefore simplifies the result, since
the efficient frontier is now a straight line. In addition, the risk of the portfolios is reduced for
a given return, since the straight line dominates the efficient fronticr of risky assets at every
point, Investors therefore benefit from having such an asset in their portfolio.

The choice of a particular portfolic on the line depends on the investor’s level of risk aversion.
The more risk averse the investor, the greater the proportion of the portfolio that he/she will
invest in the risk-free asset. If the opposite is true, then the investor puts most of the portfolio
into risky assets. Two cases are possible. (1) The investor has a limitless capacity to borrow, i.e.
to invest negatively in the risk-free asset, in order to invest a sum that is greater than his wealthin
risky assets. In this case, the efficient frontier is the line to the right of point M. (2) The borrowing
is limited, in which case the efficient frontier is a straight line up to the point of tangency with
the risky asset frontier and is then the curved portion of the risky asset frontier, since the
segment of the line located above no longer corresponds to feasible portfolios (Figure 4.2).

The previous study assumed that the borrowing interest rate was equal to the lending interest
rate. This assumes that the markets are frictionless, i.e. that the assets are infinitely divisible
and that there are no taxes or transaction costs. This ass umption will also be used in developing
equilibrium theory.

It has therefore been established that when there is a risk-free asset, the investor's optimal
portfolio P is always made up of portfolio M with x proportion of risky assets and proportion
(1 — x) of the risk-free asset. This shows that the investment decision can be divided into two
parts: first, the choice of the optimal risky asset portfolio and secondly the choice of the split
between the risk-free asset and the risky portfolio, depending on the desired level of risk. This
result, which coraes from Tobin (1958), is known as the two-fund separation theorem.

This theorem, and Black’s theorem, which was mentioned in Chapter 3, have :mportant
consequences for fund management. Showing that all efficient portfolios can be written in
the form of a combination of a limited number of portfolios or investment funds made up
of available securities greatly simplifies the problem of portfolio selection. The problem of
allocating the investor’s wealth then comes down to the choice of a linear combination of
mutual funds.

The position of the optimal risky asset portfolio M has been defined graphically. We now
establish its composition by reasoning in ierms of equilibrium.
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4.1.1.2 Equilibrium theory

Up until now we have only considered the case of an isolated investor. By now assuming that
all investors have the same expectations concerning assets, they all then have the same return,
variance and covariance values and construct the same efficient frontier of risky assets. In the
presence of a risk-free asset, the reasoning employed for one investor is applied to all investors.
The latter therefore all choose to divide their investment between the risk-frec asset and the
same risky asset portfolio M.

Now, for the market to be at equilibrium, all the available assets must be held in portfolios.
The risky asset portfolio M, in which all investors choose to have a share, must therefore
contain all the assets traded on the market in proportion to their stock market capitalisation.
This portfolio is therefore the market portfolib. This result comes from Fama (1970).

In the presence of a risky asset. the efficient frontier that is common to all investors is the
straight line of the following equation:

"E(Ry) — RF)
op

B(Rp) = Ry + ( ______
Ay UM

This line links the risk and return of efficient portfolios linearly. It is known as the capital

market line.
These results, associated with the notion of equilibrium, will now allow us to establish a

relationship for individual securities.

4.1.2 Presentation of the CAPM

We now come to the CAPM itself (cf. Briys and Viala, 1995, and Sharpe, 1964). This model
will help us to define an appropriate measure of risk for individual assets. and also to evaluate
their prices while taking the risk into account. This notion of the “price” of risk is one of the
essential contributions of the model.

The development of the model required 2 certain number of assurnptions. These involve
the Markowitz model assumptions on the one hand and assumptions that are necessary for
market equilibrium on the other. Some of these assumptions may seem unrealistic, but later
versions of the model, which we shall present below, allowed them to be scaled down. All of

the assumptions are included below.

4.12.1 CAPM assumptions’

The CAPM assumptions are sometimes described in detail in the literature, and sometimes
not, depending on how the model is presented. Jensen (1972a) formulated the assuraptions
with precision. The main assumptions are as follows:

1. Investors are risk averse and seek to maximise the expected utility of their wealth at the end
of the pericd.

2. When choosing their portfolios, investors only consider the first two moments of return
distributior:; the expected return and the variance.

3. Investors only consider one investment period and that period is the same for all investors.

3 These assumptions are describied well in Chapter 5 of Fabozzi (1995}, in Cobbaut (1997), in Elton and Gruber (1995) and in
Farcell (1997), who clearly distinguishes between the Markowitz assumptions and the additional assumptions.
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4. Investors have a limitless capacity to borrow and lend at the risk-free rate.

< Information is accessible cost-free and is available simultanecusly to all investors. All
investors therefore have the same forecast return, variance and covariance expectations for
all assets.

6. Markets are perfect: there
are infinitely divisible.

are no taxes and no transection costs. All assets are traded and

1.1.2.2 Demonstration of the CAPM

The demonstration chosen is the one given by Sharpe (1964). See also Poncet et al. (1996). It
s the simplest and the most intuitive, since it is based on graphical considerations.”

We take the risk-free asset and the market portfolic. These two points define the capital
market line. When the market is at equilibrium, the prices of assets adjust so that all assets will
be held by investors: supply is then equal to demand. In theory. therefore, the market portfolio
is made up of all traded assets, in proportion to their market capitalisation, even though in
practice we use the returnon @ stock exchange index as an approximation of the market returr.

We now take any risky asset i. Assetiis located below the market line, which represents all
efficient portfolios. '

We define a portfolio P with a proportion x invested in asset i and a proportion (1 — x) in
the market portfolio. The expected return of portfolio P is given by

E(Rp) = xE(R;) + (1 = x)E(Ru)

and its risk i given by ;

op = [xzo',-2 + (1 - x,nzo',%,, 4 2x(1 — .x‘)O';Mv]I/Z

where:

o2 denotes the variance of the risky asset 7;
2 denotes the variance of the market portfolio; and

o
M
o;; denotes the covariance between asset i and the market portfolio.

'f By varying x, we construct the curve of all possible portfolios obtained by combining asset
i and pertfolio M. This curve goes through the two points i and M (see Figure 4.3).

The leading coefficient of the tangent to this curve at any point is given by
O0E(Rp) AE(Rp)/ox |
dop T dos/0x
Now
OE(Rp)

2 = E(R;) — E(Ry) ;
ox 5

and

dop 2ol — 20k (1 —x)+2oiu(l — 2x)
20p

ox

4 The interested reader could refer to a more comprehensive demonsirat;on in Chapter 9 of Brivs and Viala (1995).
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' Fignre 4.3 Curve of all portfolios made of the market portfolio and a risky asset |
After simplifying, we obtain the following
dE(Rp) _ (E(R;) — E(Ru))op
dop x(af’ + 0,]\24 ”‘20’,'1”) + oimM —-O’A:);,

The equilibrium market portfolio already contains asset i since it contains all assets. Pertfolio
P is therefore made up of an excess of asset #, in proportion x, compared with the market
portfolin, Since this excess raust be nil at equilibrium, point M is characterised by x = 0 and

Op = O0OM.
When the market is at equilibrium, the slope of the tangent to the efficient frontier at point
M is thus given by
dE(RP) (E(R) — E(Ru))om

—— (M) = Z
dop Oim — O

Furthermore, the siope of the market line is given by

where o denotes the standard deviation of the market portfolio.
At point M the tangent to the curve must be equal to the slope of the market line. Hence, we

deduce the following relationship:
(E(Ri) —E(Ry))ou _ E(Ry)— R

2 "
OiM — Oy o]

which can also be written as

(E(Ry) — Rp)

E(Rj) = Rp + ———5——0im
a M
The latter relationship characterises the CAPM. The line that is thereby defined is called the 3

security market line. At equilibrium, all assets are located on this line.

This relationship means that at equilibrium the rate of return of every asset is equal to the
rate of return of the risk-free asset plus a risk premium. The premium is equal to the price of
the risk multiplied by the quantity of risk, using the CAPM terminology. The price of the risk
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is the difference between the expected rate of return for the market portfolio, and the return on
the risk-free asset. The quantity of risk, which is called the beta, is defined by

M

=)
Beta is therefore equal to the covariance between the return on asset i and the return on the
market portfolio, divided by the variance of the market portfolio. The risk-free asset therefore
has a beta of zero, and the market portfolio has a beta of one. The beta thus defined is the one
that already appeared in Sharpe’s empirical market model.
By using the beta expression, the CAPM relationship is then written as follows:

E(R;) = Rp + Bi(E(Rum) - RF)

The CAPM has allowed us to establish that at equilibriura the returns on assets, less the risk-
free rate, have a linear link to the return on the markat portfolio, with the market portfolio
being built according to Markowitz’s principles.

This original version of the CAPM is based on assumptions that the financial markets do not
completzly respect. This first formula was followed by several other versions, which enabled
the realities of the market to be taken into account to a greater degree. The different versions
will be discussed in Section 4.1.3 below.

4.1.2.3 The contribution of the CAPM

The CAPM established a theory for valuing individual securities and contributed to a better
understanding of market behaviour and how asset prices were fixed (cf. Chapter 3 of Farrell,
1997). The model highlighted the relationship between the risk and return of an asset and
showed the importance of taking the risk into account. It allowed the correct measure of asset
risk to be determined and provided an operational theory that allowed the return on an asset to
be avaluated relative to the risk. The total risk of a security is broken down into two parts: the
systematic risk, called the beta, which measures the variation of the asset in relation to market
movements, and the unsystematic risk, which is unique for each asset. This breakdown could
already be established with the help of the empirical market model, as we saw in Chapter 3.
The unsystematic risk, which is also called the diversifiable risk, is not rewarded by the market.
In fact, it can be eliminated by constructing diversified portfolios. The correct measure of risk
for an individual asset is therefore the beta, and its reward is called the risk premium. The
asset betas can be aggregated: the beta of a portfolio is obtained as a linear combination of the
betas of the assets that make up the portfolio. Accerding to the CAPM, the diversifiable risk
component of sach security is zero at equil ibrium, while within the framework of the empirical
market model only the average of the specific asset risks in the portfolio is nil.

The CAPM provides a reference for evaluating the relative attractiveness of securities by
evaluating the price differentials compared with the equilibrium value. We should note that the
individual assets are not on the efficient frontier, but they are all located on the same line at
equilibrium. The CAPM theory also provided a context for developing manager performarce
evaluation, as we will show in Sections 4.2 and 4.3, by introducing the essential notion of
risk-adjusted return.

By proposing an asset valuation model with the exclusive help of the market factor, Sharpe
simplified the portfolio selection model considerably. He showed that optimal portfolics are
obtained as a linear combination of the risk-free asset and the market portfolio, which, in

Distributed by:

(DGARP




Feproducad from Portfolio Theory and Performance Analysis, by Noel Amenc and Veronique Le Sourd.
; Copyright © 2003 by Jonn Wilsy & Sons Ltd. All rights reserved. Used by arrangement with John Wiley

& Sons. Inc.
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practice, is approximated by a well-diversified portfolio. Equilibrium theory, which underlies
the model, favoured the development of passive management and index funds, since it shows
that the market portfolio is the optimal portfolio. The model also paved the way for the
development of more elaborate models based on the use of several factors.

4.1.2.4 Market efficiency and market equilibrium

An equilibrium model can only exist in the context of market efficiency. Studying market
efficiency enables the way in which prices of financial assets evolve towards their equilibrium
value to be analysed. Let us first of all define market efficiency and its different forms.

. The firs: definition of market efficiency was giver: by Fama (1970): markets are efficient if
the prices of assets immediarely reflect all available information. Jensen (1978) gave a more
precise definition: in an efficient market, a forecast leads to zero profits, i.e. the expenses
incurred in searching for information and putting the information to use offset the additional
profit procured (cf. Hamon, 1997).

There are several degrees of market efficiency. Efficiency 1 said to be weak if the information
cnly includes past prices; efficiency is semi-strong if the information also includes public
informaticn; efficiency is strong if all information, public and private, is included in the present
prices of assets. Markets tend to respect the weak or semi-strong form of efficiency, bur the
CAPM’s assumption of perfect markets refers in fact to the strong form.

"The demonstration of the CAPM is based on the efficiency of the market portfolio at equi-

librium. This efficiency is a consequence of the assumption that all investors make the same
forecasts concerning the zssets. They all construct the same efficient frontier of risky assets (
and choose to invest only in the efficient portfolios on this frontier. Since the market is the ?
aggregation of the individual investors’ portfolios, i.e. a set of efficient portfolios, the market ‘
portfolio is efficient.
In the absence of this assumption of homogeneous investor forecasts, we are no longer
assured of the efficiency of the market portfolio, and consequently of the validity o the
equilibrium model. The theory of market efficiency is therefore closely linked to that of the
CAPM. It is not possible to test the validity of one without the other. This problem constitutes
an important point in Rol!’s criticism of the model. We will come back to this in more detail
at the end of the chapter.

The empirical tests of the CAPM involve veritying, from the empirical formulation of the
market model, that the ex-post value of alpha is nil.

4.1.3 Modified versions of the CAPM®

Since the original assumptions of the CAPM are very restrictive, several authors have studied
the consequences for the model of not respecting the assumptions. The studies address one
assumption at a time. Chapter 14 of Elton and Gruber (1995) is very exhaustive on the subject.
Among the versions of the model that were developed in this way, the most interesting from a
practical application viewpcint are Black’s zero-beta model and Brennan’s model, which takes

S We can refer ro Chapter 7 of Copeland and Weston (19838) for a detailed presentation with a demonstration of the Black and
Merton models and to Chapter 8 for the Brennan model, Poncet et al. (1996) give a description without a demonstration of the Black
and Merton rnodels. Chapter 3 of Farrell (1997) presents the Black and Brennan models, and Caapter 14 of Elten and Gruber (1995)
is cievoted to the noa-standard forms of the CAPM.
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Figure 44 Minimum variance zero-beta portfolio (Z)

taxes into account. These two models will be shown in particular detail. This presentation is
useful because it shows how the CAPM is adapted to the realities of the market. The different
versions of the model are then applied in the area of portfolio performance measurement by
allowing extensions to the Jensen measure. This will be developed in Section 4.2.

4.1.3.1 Black’s zero-beta model®

Apart from the original version, this is the rodel that is most frequently used. This version was
developed because two of the model’s assumptions were called into question: (1) the existence
of a risk-free asset, and therefore the possibility of borrowing or lending at that rate, and (2) the :
: assumption of a single rate for borrowing and lending. Black (1972) showed that the CAPM
theory was still valid without the existence of a risk-free asset, and developed a version of
the model by replacing it with an asset or portfolio with a beta of zero, Instead of lending or
borrowing at the risk-free rate, it is possible to take short positions on the risky assets.

The structure of the reasoning that enables this model to be produced is very close to that ?

used to develop the basic model. We have the efficient frontier of risky assets, on which the '
market portfolio M is placed. We assume that we know how to determine the set of portfolios
with zero beta, i.2. non-correlated with the market portfolio. These portfolics all have the same
expected return E(Rz), since they all have the same systematic risk, namely 2 beta equal to
zero. Among all these portfolios, only one is located on the efficient frontier: this is the portfolio
with the miniraum risk (see Figure 4.4).
We therefore have two portfolios on the efficient frontier: the market portfolio and the zero-
beta portfolio, denoted by Z, with minimum variance. The complete efficient frontier can be
obtained by combining these two portfolios. We invest x in portfolio Z and {1 — x) in portfolic
M. The expected return of this portfolic is written as follows:

E(Rp) = xE(Rz)+ (1 — x)E(Ru)

6 For this mode!, we can also refer 1o Chapter 6 of Fabozzi (1995).
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and its risk is
) 2
o(Rp) = (.-Ho% + (1 — .x)2o,i.)l/

since the correlation between the market portfolio and portfolio Z is nil.
We then look for the slope of the tangent to point M that intersects the y-axis at point E(Rz).

This slope is given by

9E(Rp) _ OE(Rp)/dx
do(Rp)  do(Rp)/dx

We therefore calculate the partial derivatives of the expected return and risk of the portfolio,

or:
dE(Rp) . -
BER) - B(Rz) - E(R)
ax
and:
do(Rp) f2x<1§ - 20,%,(1 - X)
ax 20(Rp)

Atpeint M, x = 0and ¢ (Rp) = ou SO
OE(Rp) E(Rm) —E(Rz)

do(Rp) oM

Furthermore, this line intersects the y-axis at the point E(Rz). Its equation is therefore finally
written as follows:
I%wy=a&a+<§&ﬂiggﬁ)mﬁn
OM
The equation that is thereby established is identical in form to that of the capital market line
of the basic model. The return on the risk-free asset is simply replaced by that of the zero-beta
portfolio. '

It is now possible to show that the return on any risky asset can be written using the return
on the zero-beta portfolio ard the return on the market portfolio. To do so, we proceed in the
same way as when establishing the CAPM in the presence of a risk-free asset.

We consider the curve representing all the portfolios made up of a risky asset and the market
portfolio. The slope of the tangent to this curve at point M is given by

(E(R) — E(Ry))om

OipM — O AZ/,

This slope must be equal ro the slope of our new market line, or

E(Rm) - IZ(_&Q

oM

Hence
E(R;) —E(Rm)om _ E(Rum) — E(Rz)

oM — U‘,%, oM
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which finally gives the following:
. : TiM o .
E(R)) = E(Rz) + ";__2'(]3(RM) — E(Rz2))

1 ﬂf
or
E(R,) = E(Rz) + Bi(E(Ru) - E(Rz))
since
Bi = if—?
Op

The formula established is similar to that of the original CAPM, except that the return on the
risk-free asset is replaced with the return on the zero-beta portfolio. The form of the CAPM
is therefore conserved in the absence of a risk-free asset. This model is called the two-factor
model.

Let us now return to the construction of zero-beta portfolios in more detail. A zero-beta
portfolio is & portfolio with variations thar are totally independent of market variations. We
observe that most risky assets are positively correlated with each other. The best way to obtain
a zero-beta portfolio is therefore to associate long and short positions on the assets, i.e. to carry
out short selling on assets. The construction of zero-beta portfolios is not therefore possible
unless short selling is authorised without any restrictions.

The CAPM cannot therefore be established without one or other of the following assump-
tions: the existence of a risk-free asset, which we can sell short without any limitations; or the
absence of constraints on short selling of risky assets. It should be noted that generally there
are restrictions on short selling. As a result, although this version of the model widens the
framework for using the CAPM, it does not provide a solution in every case.

4.1.3.2 Model taking taxes into account: Brennan version

The basic CAPM mode! assumes that there are no taxes. The investor is therefore indifferent
to receiving income as a dividend or a capital gain and all investors hold the same portfolio of
risky assets. However, taxation of dividends and capital gains is generally different, and this
is liable to influence the coraposition of the investcrs’ portfolio of risky assets. Taking these
taxes into account can therefore modify the equilibrium prices of the assets.

As a response to this problem, Brennan (1970) developed a version of the CAPM that allows
the impact of taxes on the model to be tzken into account. His model is formulated as follows:

E(R;) = Rg + Bi(E(Ry) — R — T(Dy — Rp)) + T(Di — Rp)

where
Ty~ T,
T ="t

1 -7,
and where

Ty denotes the average taxation rate for dividends;

T, denotes the average taxation rate for capital gains;

Dy denotes the dividend yield of the market portfolio; and
D; denotes the dividend yield of asset i.
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By presenting this formula slightly differently, we have.
E(R)) — Rp — T(D; — Rp) = Bi{E(Ry) — Rp — T(Dy — Re))

and we come back to a structure that is very similar to the basic CAPM. The returns on the
asset and on the market are respectively decreased (or increased if 7' is negative) by a term
proportional to the dividend yield and the taxes. When the tax rate on the dividends is equal to
the tax rate on the capital gains, or T = 0, we do come back to the origirnal model.

Investors can, for example, seek to avoid stocks that pay out large dividends. Such a strategy
enables the return on the portfolio to be increased after deducting taxes, but, by distancing it
from the market portfolio, it reintroduces a residual risk component.

4.1.3.3 Merton's continuous time version

Merton (1973) developed a continuous time version of the CAPM. His model i3 called the
Intertemporal Capital Asset Pricing Model (ICAPM). In this model it is assumed that a state
variable, for example the risk-free interest rate, evolves randomly over time. In this case,
Merton shows that investors hold portfolios that result frem three funds: the risk-free asset,
the market portfolio and a third portfolio, chosen in such a way that its return is perfectly
negatively correlated with the return on the risk-free asset. The two-fund separation model is
replaced with a three-fund separation model. This thixd fund allows hedging against the risk
of an unanticipated change in the future value of the risk-free rate (see also Elton and Gruber,
1995, and Copeland and Weston, 1998).
The expected return of an asset i at equilibrium is then written:

E(R;) = Rp + A (E(Ry) — Rp) = 2i2(E(Rnp) — Rp)

where
ding — Bia M
and )\2’_ - ‘l, l: 1ﬂNF,

_ Bin = BinePnem
: 2 2
I — piem I = pNrm

Al =

and where By, , and onp,m are defined as follows:

Ox ONF,M
= and PNF, M == —
(2 ONFOM

ﬂx,y =

E(Rng) denotes the expected rate of return of a portfolio that has perfect negative correlation
with the risk-free asset Ry. All the rates of return are used in this model are continuous rates.

If the risk-free rate is not stochastic, or if it is not correlated with the market risk, then the
third fund disappears, Bing = Bxry = 0. We then come back to the standard formulation of
the CAPM, except that the rates of return are instantaneous and the distribution of returns is
lognormal instead of being normal.

The Merton model is a multi-period version of the CAPM. Assuming that the risk-free rate
is stochastic leads to establishing a multi-factor (or multi-beta) version of the CAPM. Such a
model can then be generalised tc take other sources of extra-market risk into account, with the
principle still being to make up a hedging portfolin for each source of risk and to determine
the sensitivity of the assets to these portfolios. Nevertheless, this general theoretical approach
does not specify the nature of the risk factors, or how to construct the portfolios to hedge the
risks.
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4.1.3.4 Model taking inflation into account

This model is a simple example of a generalisation of the CAPM for several factors. Here we
assume that inflation is uncertain, which constitutes an additional risk factor on top of the basic
model’s market risk factor. The expected return at equilibrium of an asset i is now wriften as

follows:

E(R:) — Rp = Bin(E(Ru) — Re) + Bi(E(R) — Kp)

where B denotes the sensitivity of security i to the portfolic of securities held to hedge the
inflation risk and (E(R1) — RE) is the price of the inflation risk.

4.13.5 Model based on consumption: Breeden’s (1979) CCAPM model

Here again we are dealing with a multi-period model, but one that is removed from the basic
model since the returns on assets are no longer explained through the market return, but with
the help of the consuraption growth rate.

For each period f the return on asset i is written as follows:

R, =ua; + B:C, + e

where C, denotes the consumption growth rate.
We also assume that the following conditions are respected:

E(e;) =0
E(ey, C) =0
_ cov(R,,, Cy)

g = o
bi var(C,)

We can ther establish the following equilibrium condition:

E(R;) = E(Rz) + Bini

where
y1 denotes the market remuneration for the consumption risk, with this risk being measured

by the beta; and E(Rz)denotes the expected return on a zero-beta portfolio.

4.1.4 Conclusion

The presentation of some modified forms of the CAPM has allowed us to observe that the
general structure of the basic model was quite well respected. We should however stress that
thase models were established by only modifying one assumption at a time. The advantage of
these models is to be able to suggest improvements to the performance measurement indicators
of the portfolios, while conserving a simple formula. We shall see the relevant applications
in Section 4.2. The raulti-factor forms of the model are already quite similar to the APT type
models, to which Chapter 6 will be devoted.
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4.2 APPLYING THE CAPM TO PERFORMANCE
MEASUREMENT: SINGLE-INDEX PERFORMANCE
MEASUREMENT INDICATORS’

When we presented the methods for calculating the return on a portfalio or investiment fund
in Chapter 2, we noted that the return value on its own was not a sufficient criterion for
appreciating the performarice and that it was necessary to as sociate a measure of the risk taken.

isk is an essential part of the investment. It can differ considerably from one portfolio 0
ancther. In addition, it is liable to evolve over time. Modern portfolio theory and the CAPM
have established the link that exists between the risk and return of an investment quantitatively.
More specifically, these theories highlighted the notion of rewarding risk. Therefore, we now
possess the elements necessary for calculating indicators while taking both risk and return into

account.
The first indicators developed came from portfolio thecry and the CAPM, They are therefore

more specifically related to equity portfolios. They enable a risk-adjusted performance value
to be calculated. It is thus possible to compare the performance of funds with different levels
of risk, while the return alone only enabled comparisons between funds with the same level of
risk.

This sectior describes the different indicators ard specifies, for each, their area of use. It
again involves elementary measures because the risk is considered globally. We will see later
on that the risk can be broken down into several areas, enabling a more thorou gh analysis.

4.2.1 The Treynor measure

The Treynor (1965) ratio is defined by

E(Rp)-- R
Tp = E(Rp) - Rp
Br

where

E(Rp) denotes the expected return of the portfolio;
Ry denotes the return on the risk-free asset; and
Br denotes the beta of the portfolio.

This indicator measures the relationship between the return on the portfolio, above the risk-
free rate, and its systematic risk. This ratio is drawn directly from the CAPM. By rearranging
the terms, the CAPM relationship for a portfolio is written as follows:

E(Rp) = Rr _ E(R;) — Rr

1)
The term on the left is the Treynor ratio for the portfolio, and the term on the right can be
seen as the Treynor ratio for the market portfolio, since the beta of the market portfolio is 1 by
definition. Comparing the Treynor ratio for the porifolio with the Treynor ratio for the market
portfolio enables us to check whether the portfolio risk is sufficiently rewarded.
The Treynor ratio is particularly appropriate for appreciating the performance of a well-
diversified portfolio, since it only takes the systematic risk of the portfolio into accourt, ie.

7 On this subject, the interested reader could consult Broguet and van den Bergg (1992), Elten and Gruber (1995), Fabozzi (1995),
Grandin {1998), Jacquilla: and Solnik (1997). and Gallais-Hamonno anc Grandin (1999).
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"' the share of the risk that is not eliminated by diversification. 1t is also for that reason that the
Treynor ratio is the most appropriate indicator for evaluating the performance of a portfolio that
only constitutes a part of the investor’s assets. Since the investor has diversified his investments,
the systematic risk of his portfclio is all that matters.

Calculating this indicator requires a reference index to be chosen to estimate the beta of the
portfolio. The results can then depend heavily on that choice, a fact that has been criticised by
Roll. We shall retumn to this point at the end of the chapter.

4.2.2 The Sharpe measure

Sharpe (1966) defined this ratio as the reward-to-variability ratio, but it was scon called the
Sharpe ratio in articles that mentioned it. It is defined by

_ E(Rp)— Ry

P -

" o(Rp)

g

where

E(Rp) denotes the expected return of the portfolio;
Rg denotes the return on the risk-free asset; and
o (Rp) denotes the standard deviation of the portfolio returns.

This ratio measures the excess return, or risk premium, of a portfolio compared with the
risk-free rate, cornpared, this time, with the total risk of the portfolio, measured by its standard
deviation. It is drawn from the capital market line. The equation of this line, which was
presented at the beginning of the chapter, can be written as follows:

E(Rp)— Re _ E(Ry) — Ry
o(Rp)  o(Rm)

This relationship indicates that, at equilibrium, the Sharpe ratio of the portfolio to be evaluatzd
and the Sharpe ratio of the market portfolio are equal. The Sharpe ratio actually corresponds
to the slope of the market lire. If the portfolio is well diversified, then its Sharpe ratio will be
close to that of the market. By comparing the Sharpe ratio of the managed portfolio and the %
Sharpe ratio of the market portfolio, the manager can check whether the expected return on :
the portfolio is sufficient to compensate for the additiona) share of total risk that he is raking.

Since this measure is based on the total risk, it enables the relative performance of portfolios
that are not very diversified to be evaluated, because the unsystematic risk taken by the manager
is included in this measure. This measure is also suitable for evaluating the performance of a
portfolio that represents an individual’s total investment.

The Sharpe ratic is widely used by investment firms for measuring portfolio performance.
The index is drawn from portfolic theory, and not the CAPM like the Treynor and Jensen
indices. It does not refer to a market index and is not therefore subject to Roll’s criticism.

This ratio has also been subject to generalisations since it was initially defined. It thus
offers significant possibilities for evaluating portfolio performance, while remaining simple
to calculate. Sharpe (1994) sums up the variations on this measure. One of the most common
involves replacing the risk-free asset with a benchmark portfolio. The measure is then called
the information ratio. We will describe it in more detail later in the chapter.
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4.2.3 The Jensen measure

Jensen’s alpha {Jensen, 1968) is defined as the differential between the return on the portfolio
in excess of the risk-free rate and the return explained by the market model, or

E(Rp) — Rp = ap + Bp(E(Ry) — KF)

It is calculated by carrying out the following regression:
Rpy —~ Rp, = op + Bp(Ran — Rpr) + €ps

The Jensen measure is based on the CAPM. The term p(E{(Ry ) — Rp) measures the return

on the portfolio forecast by the model. ap measures the share of additional return that is due
to the manager’s choices.
. In order to evaluate the statistical significance of alpha, we calculate the t-statistic of the
regression, which is equal to the estimated value of the alpha divided by its standard deviation.
This value is obtained from the results of the regression. If the alpha values are assurned to be
pormally distributed, then a r-statistic greater than 2 indicates that the probability of having
obtained the result through luck, and not through skill, is strictly less than 5%. In this case, the
average value of alpha is significantly different from zero.

Unlike the Sharpe and Treynor measures, the Jensen measure contains the benchmark. As
for the Treynor measure, only the systematic risk is zaken into account, This third method,
unlike the first two, does not allow portfolios with different levels of risk to be compared.
The value of alpha is actually proportional to the level of risk taken, measured by the beta,
To compare portfolios with different levels of risk, we can calculate the Black—Treynor ratio®
defined by

ap
Bp

The Jensen alpha can be used to rank portfolios within peer groups. Peer groups were
presentad in Chapter 2. They group together portfolios that are managed in a similar manner,
and that therefore have comparable levels of risk.

The Jensen measure is subject to the same criticism &s the Treynor measure: the result
depends on the choice of reference index. In addition, when managers practise a market timing
strategy, which involves varying the beta according to anticipated movements in the market,
the Jensen alpha often becomes negative, and does not then reflect the real performancs of the
manager. In what follows we present methods that allow this problem to be corrected by taking
: variaticns in beta into account.

4.2.4 Relationships between the different indicators and use of the indicators

It is possible to formulate the relationships between the Treyror, Sharpe and Jensen indicators.

4.2.4.1 Treynor and Jensen
If we take the equation defining the Jensen alpha, or

E(Rp) ~ Rp = ap + Bp(E(Ry) — Rp) (4.2)

8 This rtio is defined in Salvati (1997). See also Treynor and Black (1973).
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and we divide on each side by 8, then we obtain the following:

E(Rp)—- R o .
AL it 4+ (E(Rp) — Ryp)
Bp Be
We then recognise the Treyner indicator on the left-hand side of the equation. The Jensen indi-
cator and the Treynor indicator are therefore linked by the following exact Linear relationship:

Tp = =L + (E(Rw) - Ry)
Ep

42,42 Sharpe and Jensen

It is also possible to establish a relationship between the Sharpe indicator and the Jensen
indicator, but this time using an approximation. To do that we replace beta with its
definition, or

PMOPOM
p = —
Oy
where ppp denotes the correlation coefficient between the return on the portfolio and the return
on the market index.
If the portfolio is well diversified, then the correlation coefficient ppy is very close to 1. By

replacing 8p with its approximate expression in equation (4.2) and simplifying, we ob1ain:

8
E(Rp)— Re ~ ap + E_i(E(RM) ~ Ry)
‘M

By dividing each side by ¢p, we finally obtain:
ERp) = Ry, ep | B(R) — Rr)

op op Opm
The portfolio’s Sharpe indicator appears on the left-hand side, so

o BE(Rpy) — Rg
S P _f_ + S.—(_ﬁ’_)__.___l_)
p (247

4243 Treynor and Sharpe

The formulas for these two indicators ars very similar. If we consider the case of a well-
diversified portfolio again, we can still use the following approximation for beta:

ap
Bp X —
[

The Treynor indicator is then written as follows:

E(Rp)— Rr
T, ~ R ZRe
op

Hence

~

P

oM

%)
~
2
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Table 4.1 Characteristics of the Sharpe, Treynor and fenson indicators

Criticised
Name Risk used Source by Roll Usage
Sharpe Total Portfolio No Ranking portfolios with different levels of risk
(sigima) theory Not very well-diversified portfolios
Portfolios that constitute an individuel's total
personal wealth
Treynor Systematic CAPM Yes Ranking portfolios with different levels of risk
(beta) Well-diversified portfolios
Portfolios that constitute part of an
individual’s personal wealth
Jensen Systematic CAPM Yes Ranking portfolios with the same beta

(beta)

It should be noted that only the relationship between the Treynor indicator and the Jensen
indicator is exact. The other two arz approximations that are only valid for a well-diversified
portfolio.

4.2.4.4 Using the different measures

The three indicators allow us to rank portfolios for a given period. The higher the value of the
indicator, the more interesting the investment. The Sharpe ratio and the Treynor ratio are baszd
on the sarme principle, but use a different definition of risk. The Sharpe ratio can be used for
all portfolios. The use of the Treynor ratio must be limited to well-diversified portfolios. The
Jerisen measure is limited to the relative study of portfolios with the same beta.

In this group of indicators the Sharpe ratio is the one that is most widely used and has the
simplest interpretation: the additior:al return obtained is compared with a risk indicator taking
into account the additional risk taken to obtain it.

These indicators are more particularly related to equity portfolios. They are calculated by
using the return on the portfolio calculated for the desired period. The return on the market
is approximated by the return or a representative index for the same period. The beta of the
portfolio is calculated as a linear combination of the betas of the assets that make up the
portfolio, with these being calculared in relation to a reference index over the study pericd.
The value of the indicators depends on the calculation period and performance results obtained
in the past are no guarantee of future performance. Sharpe wrote that the Sharpe ratio gave
a better evaluation of the past and the Treynor ratio was more suitable for anticipating future
performance. Table 4.1 summarises the characteristics of the three indicators.

4.2.5 Extensions to the Jensen measure

Elton and Gruber (1995) present an additional portfolio performance measuremnent indicator.
The principle used is the same as that of the Jensen measure, namely measuring the differ-
ential between the managed portfolic and a theoretical reference portfolio. However, the risk
considered is now the total risk and the reference portfolic is no Jonger a portfolio located on
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the security market line, but a portfolio on the capital market line, with the same total risk as
the portfolio io be evaluated.

More specifically, this involves evaluating a manager who has to construct a portfolio with
a total risk of op. He can obtain this level of risk by splitting the investment between the
market portfclio and the risk-free asset. Let A be the portfolio thereby obtained. This portfolio
is situated on the capital market line. Its return and risk respect the following relationship:

"E(Ru) - RF)
A P

E(R4) = Ry + ( e
N oM

since o4 = op. This portfolio is the reference portfolic.

If the manager thinks that he possesses particular stock picking skills, he can attempt to
construct a portfolio with a higher return for the fixed level of risk. Let P be his portfolio. The
share of performance that results from the manager’s choices is then given by

(E(Rp) - Rp) op

E(Rp) - E(R4) =E(Rp)— Rp — | —————
\ oM

The return differential between portfolio P and portfolio A measures the manager’s stock
picking skills. The resnlt can be negative if the manager does not obtain the expected result.

The idea of measuring managers’ selectivity can be found in the Fama decomposition,
which will be presented in Chapter 7. But Fama compares the performance of the portfolio
with portfolios situated on the security market line, i.e. portfolios that respect the CAPM
relationship.

The Jenser measure has been the object of a certain number of generalisations, which enable
the managemert strategy used to be included in the evaluation of the manager’s value-added.
Among these extensions are the models that enable a market timing strategy to be evaluated.
: These will be developed in Section 4.3, where we will also discuss multi-factor models. The
latter involve using a rore precise benchmark, and will be handled in Chapter 6.

Finally, the modified versions of the CAPM, presented at the end of Section 4.1, can be used
instead of the traditional CAPM to calculate the Jensen alpha. The principle remains the same:
the share of the return that is not explained by the model gives the value of the Jensen alpha.

With the Black model, the alpha is characterised by

E(Rp) - E(Rz) = ap + Bp(E(Ry) — E(R7))

With the Brennan model, the alpha is characterised by
E(Rp) — Rz =ap + Bp(E(Ry) — Rg — T(Dy — Rp)) + T(Dp — Rp)

where Dp is equal to the weighted sum of the dividend yields of the assets in the portfolic, or

n

Dp = 2: o 1),

i=1

x; denotes the weight of asset i in the portfolio. The other notations are those that were used
earlier.

We can go through all the models cited in this way. For each case, the value of ap is estimated
through regression,
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4.2.6 The tracking-error

The tracking-error is a risk indicator that is used in the analysis of benchmarked funds. Bench-
marked management involves constructing portfolios with the same level of risk as an index,
or a portfolio chosen as a benchmark, while giving the manager the chance to deviate from
the benchmark composition, with the aim of obtainirg a higher return. This assumes that
the manager possesses particular stock picking skills. The tracking-error then allows the risk
differentials between the managed portfolio and the benchmark portfolio to be measured. It
is defined by the standard deviation of the difference in return between the portfolio and the
benchmark it is replicating, or ‘

TE = o(Rp -~ Rp)

where Ry denotes the return on the benchmark portfolio.

The lower the value, the closer the risk of the portfolio to the risk of the benchmark.
Benchmarked management requires the tracking-error to remain below a certain threshold,
which is fixed in advance. To respect this constraint, the portfolio must be reallocated regularly
as the market evolves. It is necessary however to find the right balance between the frequency
of the reallocations and the transaction costs that they incur, which have a negative impact
on portfolio performance. The additional return obtained, measured by alpha, must alsc be
sufficient to make up for the additicnal risk taken on by the portfolio, To check this, we use
another indicator: the information ratio.

4.2.7 The information ratio

The information ratio, which is sometimes called the appraisal ratio, is defined by the residual
return of the portfolio compared with its residual risk. The residual return of a portfolio
corresponds to the share of the return that is not explained by the benchroark. It results from
the choices made by the manager to overweight securities that he hopes will have a return
greater than that of the benchmark. The residual, or diversifiable, risk measures the residual
return variations. Sharpe (1994) presents the information ratio as a generalisation of his ratio,
in which the risk-free asset is replaced by a benchmark portfolio. The information ratio is

defined through the following relationship:
_ E(Rp) ~ E(lte)

U(R,D -— RB)
We recognise the tracking-error in the denominator. The ratio can also be written as follows:

IR

where ap denotes the residual portfolio return, as defined by Jensen, and o (ep) denotes the
stardard deviation of this residual return.
As specified above, this ratio is used in the area of benchmarked management. It allows vs
, to check that the risk taken by the manager, in deviating from the benchmark, is sufficiently
rewarded. It constitutes a criterion for evaluating the manager. Managers seck to maximise is
/ value, i.2. to reconcile a high residual return and a low tracking-error. It is important to look
at the value of the information ratio and the value of the tracking-error together. For the same
information ratio value, the lower the tracking-crror the higher the chance that the manager’s
performance will persist over time.
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The information ratio is therefore an indicator that allows us to evaluate the manager’s
level of information compared with the public information available, together with his skill
in achieving a performance that is better than that of the average manager. Since this ratio
does not take the systematic pertfolio risk into account, it is not appropriate for comparing
the performance of a well-diversified portfolio with that of a portfolio with a low degree of
diversification.

The information ratio also allows us to estimate a suitable number of years for observing
the performance, in order to cbtain a certain confidence level for the result. To do so, we note
that there is a link between the f-statistic of the regressicn, which provides the alpha value, and
the information ratic. The r-statistic is equal to the quotient of alpha and its standard deviation,
and the information rario is equal to the sarae quotient, but this time using annualised values.
We therefore have

IR =z ":%Lal_
ﬁ;

where T denotes the length of the period, expressed in years, during which we observed the
returns. The number of years required for the result obtained to be significant, with a given
level of probability, is therefore calculated by the following relationship:

2
T = Tstat
IR

For example, a manager who obtains an average alpha of 2.5% with a tracking-error of 4%
has an information ratio equal to 0.625. If we wish the result to be significant to 95%, then the
value of the i-statistic is 1.96, according to the normal distribution tatle, and the number of
years it is necessary to observe the portfolio returns is

196 1

== |_ 0‘625} = 9.8 years

This shows clearly that the results must persist over a long period to be truly significant. We

should note, however, that the higher the manager’s information ratio, the more the number of

years decreases. The number of years also decreases if we consider a lower level of probability,
by going down, for example, to 80%.

The calculation of the information ratio has been presented by assuming that the residual
return came from the fensen model. More generally, this return can come from a multi-index
or multi-factor model. We will discuss these medels in Chapter 6.

4.2.8 The Sortino ratio

An indicator such as the Sharpe ratio, based on the standard deviation, does not allow us to
know whether the differentials compared with the mean were produced above or below the
mean. '

In Chapter 2 we introduced the notion of semi-variance and its more general versions.
This notion can then be used to calcalate the risk-adjusted return indicators that are more
specifically appropriate for asymmetrical return distributions. This allows us to evaluate the
portfolios obtained through an optimisation algorithm using the semi-variance instead of the
variance. The best known indicator is the Sortino ratio (cf. Sortino and Price, 1994). It is
defined on the same principle as the Sharpe ratio. However, the risk-free rate is replaced with
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the minimum acceptable return (MAR), i.e. the return below which the investor does not wish
to drop, and the standard deviation of the returns is replaced with the standard deviation of the
returns that are below the MAR, or

E(Rp) - MAR
R
- Z (Rp; — MARY

1=()
\ Rpr<MAR

Sortino ratio =

4.2.9 Recently developed risk-adjusted return measures

Specialised firms that study investment fund performance develop variations on the traditional
measures, essentially on the Sharpe ratio. These measures are used to rank the funds and
attribute management quality labels. We can cite, for example, Morningstar’s rankings.

4.2.9.1 The Mormingstar rating system’

The Morningstar measure, which is called a risk-adjusted rating (RAR), is very widely used in
the United States. This ranking system was first developed in 1985 by the firm Morningster.
In July 2002, Morringstar introduced some modifications to improve its methodology. The
rmeasure differs significantly from more traditional measures such as the Sharpe ratio and its
different forms. The evaluation of funds is based on a system of stars. Sharpe (1998) presents
the method used by Morningstar and describes its properties. He compares it with other types
of measure and describes the limitations of the ranking system.

The principle of the Momingstar measure is to rank different funds that belong to the same
peer group. The RAR for a fund is calculated as the difference between its relative return and
its relative risk, or

RARjp, = RRp, — RRiskp,

where RRp, denotes the relative return for fund P;; and RRiskp, denotes the relative risk for
fund P;.

The relative return and the relative risk for the fund are obtained by dividing, respectively,
the return and the risk of the fund by a quantity, called the base, which is common to all the
funds in the peer group, or

Rr,
RRp = —-
: ! BR,
and
Riskp
RRiskp, = —ort
' BRisk,

9 Cf. Melnikoft (1998) and see Sharpe's web site (attpe//www.stanford edu/~wisharpeshome. htr) for a series of articles describing
the calculation methods.
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Rp, denotes the return on fund P;, in excess of the risk-free rate;

Riskp, denotes the risk of fund F;;

BR,  denotes the base used to calculate the relative retums of all the funds in the groupy
BRisk, denotes the base used to calculate the relative risks of all the funds in the group.

: In the first version of the methodology, the risk of a fund was measured by calculating the
average of the negative values of the fund’s monthly returns in excess of the short-term risk-fres
rate and by taking the opposite sign to obtain a positive quantity:

pe
i

. T
Riskp, == — [; > min (Rp., 0)
r=1

where 7 denotes the number of months in the period being studied; and Rp, denotes the
monthly return of fund F;, in excess of the risk-free rate.

Risk calculation has been modified in the new version of the star rating. Risk is measured
by montaly variations in fund returns and now takes not only downside risk but also upside
volatility into account, but with more emphasis on downward volatility. Funds with highly
volatile returns are penalised, whether the volatility is upside or downside. The advantages
of this improvement can be understocd by looking at Internet funds. These funds were not
considered risky in 1999, as they only exhibited upside volatility. But their extreme gains
indicated a serious potential for extreme losses, as has been demonstrated since. The new risk
measure would have attributed a higher level of risk to those funds than the previous measure
did. As a result, the possibility of strong short-term performance masking the inherent risk of a
fund has now been reduced and it is more difficult for high-risk funds to earn high star ratings.

The base that is used to calculate the relative return of the funds is obtained by calculating
the average return of the funds in the group. If the value obtained is greater than the risk-free
rate for the period, then we use the result obtained, otherwise we use the value of the risk-free
rate. We thercfore have

1 S
BR, = max (-’; ,ZT Ry, RF)

where n denotes the number of funds contained in the peer group; and Ky denotes the risk-free
rate.

The base used to calculate the relative risk is obtained by calculating the average of the risks
of the funds in the peer group, or

n
BRisky = ~ Y _ Riskp,
i=
In 1985, Morningstar defined four peer groups to establish its rankings: domestic stock
funds, international stock funds, taxable bond funds and tax-exempt municipal bond funds.
However, these four categories appear to be too few to make truly adequate comparisons. The
improved star rating methodology'® now uses 48 specific equity and debt peer groups. For
example, equity funds are classified according to their capitalisation (large-cap, mid-cap and
small-cap) and whether they are growth, value or blend. International stock funds are now
subdivided into differsnt parts of the world. By only comparing funds with funds from the

=

19 Bor more delails, sce Morningstar’s web site www.morningstar.com, from which it is possible to visit the specific web sites for
cach country. .
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same well-defined category, those that are providing superior risk-adjusted performance will
be more accurately identified. For example, during periods favourable to large-cap stocks,
large-cap funds received a high percentage of five-star rankings when evaluated in the broad
domestic equity group. With the new system, only the best funds will receive five stars, as
large-cap funds will only be compared with large-cap funds. ‘

The ranking is then produced as follows. Each fund is atrached to a single peer group. The
funds in a peer group are ranked in descending order of their RAR. A number of stars is then
attributed to each fund according to its position in the distribution of RAR values. The funds
in the top 10% of the distribution obtain five stars; those in the following 22.5% obtain four
stars; those in the following 35% obtain three stars; those in the next 22.5% obtain twc stars;
and, finally, those in the bottom 10% obtain one star.

The Morningstar measure is based on an investment period of one month, although funds
are in fact held for longer periods, and a decrease in one month can be compensated for by an
increase in the following month. This measure is not therefore very appropriate for measuring
the risk of funds that are held over a long period.

429.2 Actuarial approach

In this approach (sece Melnikoff, 1998) the investor’s aversion to risk is characterised by a
constant, W, which measures his gain-shortfall equilibrium, i.e. the relationship between the
expected gain desired by the investor to make up for a fixed shortfall risk. The average annual
risk-adjusted return is then given by

RAR=R— (W -1)S

where

§ denotes the average annual shortfall rate;
W denotes the weight of the gain-shortfall aversion; and
R denotes the average annual rate of return obtained by taking all the observed returns.

For an average individual, W is equal to two, which means that the individual will agree (o
invest if the expected amount of his gair is double the shortfall. In this case, we have simply

RAR=R-S

4.2.9.3 Analysis based on the VaR

The VaR was defined in Chapter 2 and the different methods for calculating it were briefly
presented. As a reminder, the VaR measures the risk of a portfolic as the maximum amount
of loss that the portfolio can sustain for a given level cf confidence. We may then wish to use
this definition of risk to calculate a risk-adjusted return indicator to evaluate the performance
of a portfolio. In order to define a logical indicator, we divide the VaR by the initial value of
the portfolio and thus obtain a percentage loss compared with the total value of the portfolio.
We then calculate a Sharpe-like type of indicator in which the standard deviation is replaced
with a risk indicator based on the Vak, or
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where

Rp  denotes the return on the portfolio;

Rr  denotes the return on the risk-free asset;
VaRp denotes the VaR. of the portfolio;

V) denotes the initial value of the portfolio.

This type of ratio can only be compared for different portfolios if the pertfolios’ VaR has been
evaluated for the same confidence threshold.

Furthermore, Dowd (1999) proposes an approach based on the VaR. to evaluate an invest-
ment decision. We consider the case of an investor who holds a portfolio that he is thinking
of modifying, by introducing, for example, a new asset. He will study the risk and return
possibilities linked to a modification of the portfolio and choose the situation for which the
risk-return balance seems to be sufficiently favourable. To do that, he could decide to define the
risk in terms of the increase in the portfolio’s VaR. He will change the portfclio if the resulting
incremental VaR (IVaR) is sufficiently low compared with the return that he can expect. This
can be formalised as a decision rule based on Sharpe’s decision rule.

Sharpe’s rule states that the most interesting asset in a set of assets is the one that has
the highest Sharpe ratio. By calculating the existing Sharpe ratio and the Sharpe ratio for
the modified portfolio and comparing the results, we can then judge whether the planned
modification of the portfolio is desirable.

By using the definition of the Sharpe ratio, we find that it is useful to modify the portfolio if
the returns and standard deviations of the portfolic before and after the modification are linked
by the following relationship:

bt AU ORTERALA 4t

r’a’cw R?;ld
e

where R99 and R)™ denote, respectively, the return on the portfolio before and after the
modification; and cgesand ogs~ dencte, respectively, the standard deviation of the portfolio
? before and after the modification.

We assume that part of the new portfolio is made up of the existing portfolio, in proportion
(1 — a), and the other part is made up of asset A in proportion a.

The return on this portfolio is written as follows:

EW = gRa + (1 - a)RP

:
:
3
s

where R4 denotes the return on asset A.
By replacing R with its expression in the inequality between the Sharpe ratios, we obtain:

aRs+ (1 — a)R“},‘d R‘}g

o'ﬁ:r’:cw - UR‘;)M

which finally gives

Rold o gew
Raz RS+~ [ =2
a O pold
‘P
This relationship indicates the inequality that the return on asset A must respect for it to be
advantageous to introduce it into the portfolio. The relationship depends on proportion a. It
shows that the return on asset A must be at least equal to the return on the portfolio before the
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modification, to which is added a factor that depends on the risk associated with the acquisition
of asset A. The higher the risk, the higher the adjustment factor and the higher the return on

asset A will have to be.

Under certain assumptions, this relationship can be expressed through the VaR instead of
the standard deviation. If the portfolio returns are normatly distributed, then the VuR of the
portfolio is proportional to its standard deviation, or

VaR = —XOR, W

where

o denotss the confidence parameter for which the VaR is estimated;
W is a parameter that represents the size of the portfolio; and
og, is the standard deviation of the portfolio returns.

By using this expression of the VaR, we can calculate
: VaRe™ W new U[zf;f‘"
; VaR™® ~ Wl s

which enables us to obtain the following relationship:

N nsw prrold
opne VaR W

O ol VaR®!d Wnew
P

We assume that the size of the portfolio is conserved. We therefore have W4 = Wrev.
We therefore obtain simply, after substituting into the return on A relationship:

, Rnld ! VaR"ew

Ry> R4 ~L (o' 1

' a \ VaR°"

The incremental VaR between the new portfolio and the old portfolio, denoted by IVaR, is
equal to the difference between the old and new value, or IVaR = VaR™" — VaRre',
By replacing in the inequality according to the IVaR, we obtain:
R ( IVaR
R = Rl)ld __P_' (___ — Rold 1 . ________)
4z Ret _VaRo d ta VaR™

By defining the function 54 as

L VuR

A ( VaR ) = ;l— ;'a—'R—oii-

we can write

Ra > (14 na(VuR)RY?

where 74(VaR) denotes the percentage increase in the VaR occasioned by the acquisition of
asset A, divided by the proportion invested in asset A.

4.2.9.4 Measure raking the management style into account

The risk-adjusted perforrnance measures enable a fund to be evaluated in comparison with
the market portfolio, but do not take the maneger’s investment style into account. The style.
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however, may be imposed by the management mandate constraints rather than chesen by the
manager. In this case it is more useful to compare managemerit results with a benchmark that
accurately represents the manager’s style, rather than comparing them with a broad benchmark
representing the market (cf. Lobosco, 1999). The idea of using tailored benchmarks that are
adapted to the manager’s investment style comes from the work of Sharpe (1992). We have
already mentioned these benchmarks in the section devoted to benchmarks in Chapter 2, and
we will come back to them in Chapter 6 with multi-factor models.

Lobosco (1999) proposes a measure called SRAP (Style/Risk-Adjusted Performance). This
is a risk-adjusted performance measure that includes the management style as defined by
Sharpe. It was inspired by the work of Modigliani and Modigliani (1997), who defined an
’ equation that enabled the annualised risk-adjusted performance (RAP) of a fund to be measured
in relation to the market benchmark, or

RAPp = M (Rp — RE)+ Rp
ap

where:

oy denotes the annualised standard deviation of the market returns;
op denotes the annualised standard deviation of the returns of fund P;
Rp denotes the annualised return of fund P; and

Rr denotes the risk-free rate.

This relationship is drawn directly from the capital market line. If we were al equilibriurmn,
we would have RAPp == Ry, where Ry denotes the annualised average market return.

The relationship therefore allows us to look at the performance of the fund in relation to that
of the market. The most interesting funds are those with the highest RAP value. To obtain a
relative measure, one just calculates the difference between the RAP for the fund and the RAP
for the benchmark, with the benchmark’s RAP measure being simply equal to its return.

The first step in measuring the performance of a fund, when taking the investment style into
account, is to identify the combination of indices that best represents the manager’s style. We
then calculate the differential between the fund’s RAP measure and the RAP measure of its
Sharpe benchmark.

Lobosco gives the example of a fund with an annualised performance of —1.72% and a
standard deviation of 17.48%. The market portfolio is represented by the Russell 3000 index,
the performance of which for the same period is 16.54% with a standard deviation of 11.52%.
The risk-free rate is 5.21%.

The risk-adjusted performance of this fund is therefore

11.52

YF, == ——-{-1.7. "‘f’.r b= ’4L/V
RAFP(Fund) 17”48( 1.72 - 521+ 5.21 = 0.64%

Its performance in relation to the market portfolio is
RelativeRAP = RAP{Fund) — RAP(Market) = 0.64 — 16.54 = ~15.90%

[f we now observe that the style of this fund corresponds to a benchmark, 61% of which
is made up of the Russell 2000 index of growth stocks and 39% of the Russell 2000 index of
growth stocks. the performance of this benchmark is now 2.73% with a standard deviation of
13.44%.

Distributed by:

It is illegal to reproduce this material in any format without
gl ore ! (DGARP

prior written approval of John Wiley & Sons, Inc.




Reproduced from Portfolic Theory and Performance Analysis, by Noel Amenc and Veronique Le Sourd. |
) Copyright © 2003 by John Wiley & Sonis Ltd. All rights reserved. Used by arrangement with John Wiley
& Sons. Ic.

122 Portfolio Theory and Performance Analysis

The risk-adjusted performance of this benchmark is given by

11.
RAP(SharpeBenchmark) = 33—&-(2,.73 —521) 4521 =3.08%

and the relative performance of the portfolio compared to this benchmark is given by

RelativeRAF = RAP(Fund) — RAP(SharpeBenchmarx) = 0.64 — 3.08 = —~2.44%

The relative performance of the fund is again negative, but the differential is much Jower than
compared with the whole market. The management style-adjusted performance measure is
therefore a useful additional measure.

4295 Risk-adjusted performance measure in the area of multimanagement

Muralidhar (2001) has developed a new risk-adjusted performance measure that allows us
to compare the performance of different managers within a group of funds with the same
objectives (a peer group). This measure can be grouped with the existing information ratio, the
Sharpe ratio and the Modigliani and Modigliani measure, but it does contribute new elements.
I: includes not only the standard deviations of each portfolio, but also the correlation of
each portfolio with the benchmark and the correlations between the portfolios themselves.
The method proposed by Muralidhar allows us to construct portfolios that are split optimally
between a risk-free assel, a benchmark and several managers, while taking the investors’
chjectives into account, both in terms of risk and, abcve all, the relative risk compared with
the benchmark.

The principle involves reducing the portfolios to those with the same risk in order to be able
to compare their performance. This is the same idea as in Modigliani and Modigliani (1997)
who compared the performance of a portfolio and its benchmark by defining transformations
in such a way that the transformed portfolio and benchmark had the same standard deviation.

To create a correlation-adjusted performance measure, Muralidhar considers an investor
who splits his portfolio between a risk-free asset, a benchmark and an investment fund. We
assume that this investor accepts a certain level of annualised tracking-error compared with his
benchmark, which we call the objective tracking-error. The investor wishes to obtain the highest
risk-adjusted value of alpha for a given portfolio tracking-error and variance. We define as
a,band (1 — a — b) the proportions invested respectively in the investment fund, the benchrnark
B and the risk-free asset F. The portfolic thereby obtained is said to be correlation-adjusted. It
is denoted by the initials CAP (for correlation-adjusted portfolio). The return on this portfolio
is given by

R(CAP) == aR(manager) + bR(B) + (1 - a — b)R(F)

The proportions to be held must be chosen in an appropriate manner o that the portfolio
obtained has a tracking-error equal to the objective tracking-error and its standard deviation is
equal to the standard deviation of the benchmark.

The search for the best return, in view of the constraints, leads to the calculation of optimal
proportions that depend on the standard deviations and correlations of the different elements
in the portfolio. The problem is considered here with a sirgle fund, but it can be generalissd
to the case of several funds, to handle the case of portfolios split between several managers,
and to find the optimal allocation between the different managers. The formulas that give the
optimal weightings in the case of several managers have the same structure as those obtained
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in the case of a single manager, but they use the weightings attributed to each manager together
with the correlations between the managers.

Once the optimal proportions have been calculated, the return on the CAP has been deter-
mined entirely. By carrying out the calculation for each fund being studied, we can rank the
different funds.

The Muralidhar measure is certainly useful compared with the risk-adjusted performance
measure that had been developed previously. We observe that the Sharpe ratio, the inforrnation
ratio and the Modigliani and Modigliani measure turn out to be insufficient to allow investors
to rank different funds and to construct their optimal portfolio. These risk-adjusted measures
only inctude the standard deviations of the portfolios and the benchmark, even though it is also
necessary to include the correlations between the portfolios and between the portfolios and
the benchmark. The Muralichar model therefore provides a more appropriate risk-adjusted
performance measure because it takes into account both the differences in standard deviation
and the differences in correlations between the portfolios. We see that it produces a ranking
of funds thar is different from that obtained with the other measures. In addition, neither
the information ratio nor the Sharpe ratio indicates how to construct portfolios in order to
produce the objective tracking-error, while the Muralidhar measure provides the compositicn
of the portfolios that satisfy the investors’ objectives.

The composition of the portfolio obtained through the Muralidhar method enables us to solve
the problem of ar institutional investor’s optimal allocation between active and passive man-
agement, with the possible use of a leverage effect to improve the risk-adjusted perforrance.

All the measures described in this section enable different investment funds to be rarked
based on past performance. The calculations can be carried out over several successive periods
on the basis that the more stable the ranking, the easier it will be to anticipate consistent results
in the future.

4.3 EVALUATING THE MANAGEMENT STRATEGY WITH
THE HELP OF MODELS DERIVED FROM THE CAPM:
TIMING ANALYSIS

The first performance measurement indicators, which were drawn from portfolio theory and the
CAPM (Sharpe, Treynor and Jensen), assume that portfolio risk is stationary. They measure the
additional return obtained, compared with the level of risk taken, by considering the average
value of the risk over the evaluation period. As a result, the measures only take the siock
picking aspect into account. However, there is an investment management strategy, narnely
market timing, that involves modifying the level of the portfolio’s exposure to market risk,
measured by its beta, according to its anticipated evolution, To evaluate this type of strategy,
one must turn to other models.

In this section we first present two performance analysis models. again based on the CAPM,
which enable variations in the portfolio’s beta over the investment period to be taken into
account. They actually involve statistical tests, which allow for qualitative evaluation of a
market timing strategy, when that strategy is followed for the portfolio. These models allow us
to measure the pertfolio’s Jensen alpha, and to assess whether the result was obtained through
the righr investment decisions being taken at the right tire or through luck. This section also
presents a decomposition of the Jensen measure, which enables timing to be evaluated. The
methods for implementing the market timing strategy itself will be presented in Chapter 7,
which is devoted to the description and quantitative evaluation of the investment process.
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431 The Treynor and Mazuy (1966) method'!

This model is a quadratic version of the CAPM, which provides us with a better framework
for taking into account the adjustments made to the portfolio’s beta, and thus for evaluating a
manager’s market timing capacity. A manager who anticipates market evolutions correctly will
lower his portfolio’s beta when the market falls. His portfolio will thus depreciate less then if he
had not made the acdjustment. Similarly, when he anticipates a rise in the market, he increases
his portfolio’s beta, which enables him to make higher prefits. The relationship between the
portfolio return and the market return, in excess of the risk-free rate, should therefore be better
approximated by a curve than by a straight line. The model is formulated as follows:

Rp, — Re, = ap + Bo(Rut — Re:) + 8p(Rye — RE:)? + €p0

where

Rp, denotes the portfolio return vector for the period studied;

Ru. denotes the vector of the market returns for the same period, measured with the same
frequency as the portfolio returns; and

Rg, denotes the rate of the risk-free asset over the same period.

g The ap, Bp and 8p coefficients in the equation are estimated through regression. If &p
is positive and significantly different from zero, then we can conclude that the manager has
successfully practised a market timing strategy.

This model was formulated empirically by Trevnor and Mazuy (1966). It was then theoret-
ically validated by Jensen (1972b) and Bhattacharya and Pfleiderer (1983).

432 The Henriksson and Merton (1981) and Henriksson (1984) models!*

There are in fact two models: a non-parametric model and a parametric model. They arc based
on the same principle, but the parametric model seems to be more natural to implement. The
non-parametric model is less frequently mentioned in the literature: we find it in Farrell (1997)
and in Philips ef al. (1996).

The non-parametric version of the model is older, and does not use the CAPM. It was
developed by Merton (1981) and uses options theory. The principle is that of an investor who
can split his portfolio between a risky asset and a risk-free asset, and who modifies the split over
time according to his anticipations on the relative performance of the two assets. If the sirategy
is perfect, then the investor only holds stocks when their performance is better than that of the
risk-free asset and only holds cash in the opposite case. The portfolio can be modelled by an
investment in cash and a call on the better of the two assets. If the forecasts are not perfect,
then the manager will only hold a fraction of options f, situated between ~1 and 1. The value
of fallows us to evaluate the manager. To do so, we define two conditional probabilities:

P, denotes the probability of making an accurate forecast, given that the stocks beat the
risk-free asset;

! Cf. Broguet and van den Berg {1992), Elton and Gruber (1995). Farrell (1997). Grandin (1998). Jacquillat and Solnik (1957),
Sharpe (1985), Taggart (1996), and Lhabitant (19%4).

12 Cf. Merton (1981), Henriksson and Merton (198 1) and Henriksson (1984), and also Broquet and van den Berg (1992), Elton und
Gruber (1995), Farrell (1997), Grandin (1998), Grinold and Kahn (1995), Jacquillat and Sotnik (1997), Sharpe (1 985), Teggart (1996),
and Lhabitant {1694,
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P, denotes the probability of making an accurate forecast, given that the risk-free asset
beats the stocks.

We then have f = P| + P, — | and the manager has a market timing capacity if /> 0. L.e.

if the sum of the two conditional probabilities is greater than one.
f can be estimated by using the following formula:

Loy =ap+a)y + &

where I,_; = 1 if the manager forecasts that the stocks will perform better than the risk-free
asset during month ¢, otherwise 0; and y, = 1 if the stocks actually did perform better than the
risk-free asset, otherwise 0.

The coefficients in the equation are estimated through regression. «g gives the estimaticn of
1 — P, and o gives the estimation of P, + P, — 1. We then test the hypothesis ay > C.

Henriksson and Merton (1981) then developed a parametric model. The idea is still the same,
but the formulation is different. It consists of a modified version of the CAPM which takes the
ranager’s tv/o risk objectives into account, depending on whether he forecasts that the market
return: will or will not be better than the risk-free asset return. The model is presented in the
following form:

Rec — Rer = p + Bi1p(Ruy: — Rr) ~— Bap D(Rue — Ry} -+ €0

where
D, =0, if Ryy — Rey > 0
Dy =—=1, if Ry, — R <0

The ap, B1p and Bzp coefficients in the equation are estimated through regression. The Bap
coefficient allows us to evaluate the manager’s capacity to anticipate market evolution. If Bp
is positive and significantly different from zero, then the manager has a good timing capacity.

‘These models have been presented while assuming that the portfolio was invested in stocks
and cash. More generally, they are valid for a portfolio that is split between two categorizs of
assets. wirth one riskier than the other, for example stocks and bonds, and for which we adjust
the composition according to anticipations on their relative performance.

4.3.3 Decomposition of the Jensen measure and evaluation of timing

The Jensen measure has beeri subject to numerous criticisms, the main one being thata negative
performance can be attributed to a manager who practices market timing. As we mentioned
above, this comes from the fact that the model uses an average value for beta, which tends
to overestimate the portfolio risk, while the manager varies his beta between a high beta and
a low beta according to his expectations for the market. Grinblatt and Titraan (1989) present
a decomposition of the Jensen measure in three terms: a term measuring the bias in the beta
evaluation, a timing term and a selectivity term.

In order to establish this decomposition, we assume that there are n risky assets traded on a
frictionless market, i.e. no transaction costs, no taxes and no restrictions on short selling. We
assume that there is a risk-free asset. The assumptions are therefore those of the CAPM. We
seck to evaluate the investor’s performance over T time periods, by looking at the risk-adjusted
returns of his portfolio. We denote r;, as the return on asset i in excess of the risk-free rate for
peried t; and x;, as the weight of asset i in the investor’s portfolio for pericd 1.
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The return on the investor’s portfolio for period 1, in excess of the risk-free rate, is then
given by

n
-~

rpr = Zdifir"ir
i=1

We denote by r, the return in excess of the risk-free rate of a portfolio that is mean--variance
efficient from an uninformed investor’s viewpoint. We can then write

riy = Birg: + &

where
cov(ri, rg:)
= var(rg,)
and
E(&i) =0

The portfolio returr is then written as
rpe = Bpira tEp

where

"

Bpr = E: Xir Bi

j=]
and
n
i
Epr = 2_{ Xit€iy
i==1

In order to establish the decomposition, we consider the limit, in the probabilistic sense, of
the Jensen measure, which is written as follows:

‘]P == ,FP - le)’:B
where

b, is the prebability limit of the coefficient from the time-series regression of the portfolio
returns against the reference portfolio series of returns;

P p is the probability limit of the sample mean of the rp, series; and

# g is the probability limit of the sample mean of the rp, series.

Formally, the probability limit of a variable is defined as

'1‘2
Ef' - rey

=1

Pp = plhim

It should be noted that bp can be different from B,. This is the case when a manager
practises market timing. B » is then a weighted mean of the two betas used for the portfolio,
while bp is the regression coefficient obtained, without concerning oneself with the fact that
the manager practises market timing.
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We can write
1 gA
Fp = plim| — Z_{ rp;
T =1

or, by replacing rp, with its expression:

e i

T
Fp=plim| =Y (Bpre +ep)
r=

By arranging the terms in the expression we obtain:

LT
. £ s RS . .
Pp=ppfp+ plim| — ‘L Beilrp: - I‘B)jl +£&p

T L
_71

=]

By using this formula in the Jensen measure expression we obtain:
Jo = (Bp —bp)fp+pli 1 f‘s ( Pp) | + &
e — )Y uam J r —_7r - &
P P P)rp TP T &= P\l B P

This expression reveals three distinet terms:

1. aterm that results from the bias in estimated beta: ( B p—bp)Fg;
Z. aterm that measures timing:

plim

1 ¢ .
7 }:ﬁm(rm - T'B)] ;

t=1
3. aterm that measures selectivity: €p.

If the weightings of the portfolio to be evaluated are known, then the three terms can be
evaluated separately. When the manager has no particuler information in terms of timing,

. ﬁp =bP.

44 MEASURING THE PERFORMANCE OF INTERNATIONALLY
DIVERSIFIED PORTFOLIOS: EXTENSIONS TO THE CAPM

Modern portfclio theory has demonstrated the usefulness of diversification in reducing port-
folio risk. By enlarging the universe of available securities, international investment!® offers
additional diversification possibilities. Assets from different countries often have low levels
of correlation. It is therefore possible to put together less risky portfolics than by limiting
oneself to a single country. However, currency risk, which was defined in Chapter 2, has to
be taken into consideration. The performance of international portfolios can then be evaluated
with specific models, based on an international version of the CAPM.

3The advantages of international diversification are detailed in Chapter 11 of Jacquillat and Solnik {(1997) and Chapter 1. of
Farrell (1997).
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4.4.1 International Asset Pricing Model™*

Several authors have developed international versions of the CAPM. Among these, we could
mention Solnik’s model (1974a, 1974b), which is called the International Asset Pricing Model
(IAPM). This model was established by following a similar framework to that used to obtain
the continuous time version of the CAPM in the national case. The reference portfolio is
now the worldwide market portfolio. The most widely used index in the United States, as an
approximation of this portfolio, is the Morgan Stanley Capital Index (MSCI) Europe, Asia and
Far East (EAFE). This is ar index that is weighted according to the stock market capitalisations
of each country. It covers more than 2000 companies from 21 countries. This model uses a
risk-free rate from the country of asset i and an average worldwide risk-free rate, obtained by
making up a portfolio of risk-free assets from different countries in the world. The weightings
used are again the same as those used for the worldwide market portfolio. Solnik establishes
the following relationship:

E(R)) = Ry, + Bi(E(Rm,) — Rey)
where

g:  denoctes the international systematic risk of security i, i.c. calculated in relation to the
worldwide market portfolio;

Ry, denotes the rate of the risk-free asset in the country of security i,

Rg,, denctes the rate of the average worldwide risk-free asset; and

Ry, denotes the return on the worldwide market portfolio.

All the rates of return are expressed in the currency of the asset i country.

4.4.2 McDonald's model!s

McDonald (1973) proposed a perfermance measure which is an extension to the Jensen mea-
sure. His model applies to a portfolio of stocks invested in the French and American markets.
It is written as follows:

Rpy — Ry = ®p + B (Ru1y — Re) + Bpy(Ruzy — Kp) + €py
where '

Ry, denotes the rate of return of the French market in period ¢,

Rys2,, derotes the rate of return of the American market in period ¢

Ry, denotes the rate of return of the risk-free asset in the French market in period r;

Bpy = x18p1 and Bp, = x28p3, with x| and x, the proportions of the fund invested in each
of the two markets and 8, and Bp; the fund’s coefficients of systematic risk compared to
each of the two markets.

The overall excess performance of the fund @ p is broken down into
$p =xidp) + x2dp2

where dp; and dp; denote the excess performance of each of the two markets.

14 See Por.cet ef al. (1996) and Chapter 22 of Copeland and Weston (1988).
15 Cf. Graadin (1998), Jacquillat and Solnik (1987) and Broquet and van den Berg (1992).
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With this method we can attribute the contribution of each market to the total performance
of the portfolio. This in turn allows us to evaluate the manager’s capacity to select the best-
performing international securities and to invest i the most profitable markets.

McDonald’s model only considers investments in stocks and represents international invest-
ment in the American market alone. However, the model can be generalised for the case of
investment in several international markets, and for portfolios containing several asset classes.
This is what Pogue et al. (1974) propose.

4.4.3 Pogue, Solnik and Rousselin’s model

Pogue ez al. (1974) also proposed an extension to the Jensen measure for international port-
folios (see also Grandin, 1998, and Jacquillat and Solnik, 1987). Their model measures the
performance of funds invested in French and international stocks, without any limit on the
number of countries, and in French bonds. The model is written as follows:

Rp; = ap + xor pBor.pUors — Ry) + Xar pBar,pUar. — RE)
+xwpBwe(Iw; — Rwi) + ep

where

Rg, denotes the interest rate of the risk-free asset in the French market;
Rw, denotes the eurodollar rate;

Iors, Lares Iw denote the returns on the three representative indices: the French bond

market index, the French stock market index and the worldwide stock
market index for period r;
xoF.p. Xar p and xwp denote the proportion of the portfolio invested in each market;
Bor.p, Bar.p and Bw, p denote the systematic risk of each subset of the portfolio; and
ap denotes the portfolio’s overall excess performance.

The result measures the manager’s capacity to choose the most promising markets and his
skill in selecting the best stocks in each market.

It is possible to go further into the analysis and breakdown of performance by using multi-
factor models for international investment. These models will be presented in Chapter 6.

4.5 THE LIMITATIONS OF THE CAPM

4.5.1 Roll’s criticism

Roll (1977) formulated a criticism of the CAPM. The core criticism relates to the fact that it
is impossible to measure the true market portfolio.

20ll showed that the CAPM relationship implied that the market portfolio was efficient in
the mean-variance sense. He deduced that to test the validity of the model, it was necessary
to show that the market portfolio was efficient. However, the true market portfolio cannot be
observed, because it must be comprised of all risky assets, including those that are not traded.
Instead, we use a stock exchange index. The results of empirical tests are dependent on the
index chosen as an approximation of the market portfolio. If this portfolio is efficient, then
we conclude that the CAPM is valid. If not, we will conclude that the model is not valid. But
these tests do not allow us to ascertain whether the true market portfolio is really efficient. Roll
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concludes from this that it is not possible to validate the CAPM empirically. This does not,
nevertheless, mean that the mode! is not valid.

This criticismn had consequences for the performance measurement models that were derived
from the CAPM (Treynor and Jensen). If the index used as an approximation of the market
portfclio is rot efficient, then the portfolic performance result will depend on the index. By
changing the irdex, the relative ranking of the portfolios is not necessarily maintained.

The fact that a portfolio which is not the true market portfolio is used leads to estimation errors
in the betas. Some authors, such as Shanken (1987, 1992), present methods for correcting the
measurement ecrors that are due to the fact that we are not observing the true market portfolio.

These criticisms have led to the development of other models. In the following chapter
we shall successively present heteroskedastic models that enable better beta calculation and
‘ performance measurement models that do not depend on the market model. In Chapter ¢ we
; shall present multi-factor models, which are mainly applied to portfolio risk analysis.

4.5.2 Conclusion

In spite of the criticism, the CAPM is widely appreciated as an asset valuation model. It has the
advantage of being simple and is one of the best models for explaining returns. A consequence
of the model was the development of passive management and index funds, the idea being that
the best portfolio was the market portfolio. I the United States, Sharpe helped the firm Wells
Fargo to set up its first index funds in the 1970s. The mode! gave rise to the first risk-adjusted
performance measurement ratios. Among these, the Sharpe ratio is an indicator that is still
widely used by the professionals.

However, without calling into question the contribution of the CAPM, the current consensus
tends towards the idea that a single factor is not sufficient for explaining returns. Besides the
market factor, two other factors have been identified: the size of the company and its book-to-
: market ratio. Fama and French'6 have carried out research on this subject. The firm Barra, for
its part, has developed a more complete microeconomic model, which uses 13 fundamental
factors. These factors are perfectly well known and defined, because they are directly linked
to the securities (as such we speak of attributes), while in the case of the CAPM, the true
theoretical market factor cannot be measured and must be approximated by a well-diversified
market index. This approximation is one of the reasons for the criticism of the model formulated
by Roll. On the basis of Roll’s criticism, Ross proposed a multi-factor model that could be
tested empirically. This model, while it presents the advantage over the Barra model of being
based on an extension to the concepts of portfolio theory, proposes explaining the asset returns
with the help of macroeconomic factors, without the theory specifying the number and nature
of these factors, which makes it difficult to use. We will return to all of these models in detail
in Chapter 6.
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